Abstract. We complete the Wilf classification of signed patterns of length 5 for both signed permutations and signed involutions. New general equivalences of patterns are given which prove Jaggard's conjectures concerning involutions in the symmetric group avoiding certain patterns of length 5 and 6. In this way, we also complete the Wilf classification of S5, S6, and S7 for both permutations and involutions.
Introduction
Let S n and B n denote the symmetric group and hyperoctahedral group on [n] = {1, 2, . . . , n}, respectively. Furthermore let I n and SI n be the set of involutions in S n and B n , respectively. We write the elements of B n as words π = π 1 π 2 . . . π n in which each of the letters 1, 2, . . . , n appears, possibly barred to signify negative letters. We will make no distinction between a permutation π ∈ B n and its corresponding signed permutation matrix, that is, the n × n matrix (p ij ) defined by p ij = 1 if π i = j, p ij = −1 if π i = −j, and p ij = 0 otherwise.
A signed permutation π ∈ B n is said to contain the pattern τ ∈ B k if there exists a sequence 1 ≤ i 1 < i 2 < . . . < i k ≤ n such that |π ia | < |π i b | if and only if |τ a | < |τ b | and π ia > 0 if and only if τ a > 0 for all 1 ≤ a, b ≤ k. Otherwise, π is called a τ -avoiding permutation. By M (τ ) we denote the set of all elements of M which avoid the pattern τ .
Two signed patterns σ and τ are called Wilf equivalent, in symbols σ ∼ τ , if they are avoided by the same number of signed n-permutations for each n ≥ 1. Obviously, if σ, τ ∈ S k are equally restricted for the permutations in S n then they are also avoided by the same number of permutation in B n . The classification given by this relation is slightly coarser than that which is based on the symmetries of permutations, that is, reversal, complement, and barring operation. When we consider avoidance only in the set of signed involutions then we use I ∼ to denote the equivalence.
The question of whether two patterns are Wilf equivalent or not is difficult to answer in many cases. By the few generic equivalences known so far, it is possible to classify S n up to level n = 7 completely. The analogous problem for avoidance in involutions is completely solved for patterns of length at most 4 and almost for length 5. Jaggard [4] conjectured the last case of a possible equivalence for patterns of length 5: 12345 (or equivalently, 54321) and 45312 are equally restrictive for I n up to n = 11.
Continuing the Wilf classification of signed patterns that began in [3] , we will first prove a general equivalence regarding avoidance in signed involutions which confirms Jaggard's conjecture and another he had made about the equivalence of certain patterns of length 6. The correspondence behind it is based on a bijection between pattern avoiding transversals of Young diagrams given by Backelin, West and Xin [1] . In this way, we complete the classification of S 5 with respect to avoidance by involutions which is fundamental for the analogous classification of B 5 . The result even covers all missing Wilf equivalences in S 6 and S 7 for the involutive case. Furthermore, we will show that barring some blocks of a signed block pattern has no effect on the avoidance, both by general and (the symmetry of some blocks assumed) involutive signed permutations. These results make it possible to classify the signed patterns of length 5 in relation to their avoidance by B n and by SI n completely but have consequences for longer signed patterns beyond it.
Jaggard's conjectures
In 2003, Jaggard [4] proved the equivalences 12τ In [1] , Backelin, West and Xin defined a transformation to prove 12 . . . kτ ∼ k(k − 1) . . . 1τ . (As already mentioned in [3] , their proof also works for a signed pattern τ .) This map acts not only on permutation matrices, but more generally, on transversals of Young diagrams. BousquetMélou and Steingrímsson [2] showed that this map commutes with the diagonal reflection of the diagram which provides the prefix exchanging property for pattern avoidance by involutive permutations. By (1), we have
for every signed permutation matrix χ and any k, l ≥ 0 where α n and β n denote the n × n diagonal and antidiagonal permutation matrices corresponding to 12 . . . n and n(n − 1) . . . 1, respectively. In this section, we will show that where χ t denotes the transpose of χ. Note that, different to the general case, the reverse operation is not a symmetry for involutions so that the equivalence is really new.
Our proof will also use the BWX bijection. Therefore let us first recall the extended notion of pattern avoidance they have used. Let L be a transversal of a Young diagram λ, i.e. an assignment of 0's and 1's to the cells of λ, such that each row and column contains exactly one 1. For a k × k permutation matrix τ , we say that L contains τ if there exists a k × k subshape within λ whose induced filling is equal to τ . The set of all transversals of λ which do not contain τ is denoted by S λ (τ ). Two permutation matrices σ and τ are called shape Wilf equivalent if This definition can be extended in a natural way to signed permutation matrices and signed transversals. Since erasing and reinserting rows and columns with all zeros does not affect pattern avoidance, we may even consider arrangements of 0's, 1's and −1's having at most one 1 or −1 in every row and column. We will call such fillings sparse fillings.
The results given in [1] induce the following bijection: for an arbitrary signed permutation matrix χ and k ≥ 0 define
Proposition 2.1. For every n ≥ 1, there is a bijection between τ k,χ -avoiding and ρ k,χ -avoiding sparse {0, 1, −1}-fillings of the shape λ = (n, n − 1, . . . , 1). This bijection preserves both the number of 1's and −1's in each row and column and, if χ is nonempty, the entries in the corners of λ.
Proof. Note that we adapt the notation of the BWX paper for top-right aligned shapes for a moment, that is,
where the shaded cells are the corners of λ. By [1, Proposition 2.2], α k and β k are shape Wilf equivalent for all k. Hence there is a bijection ϕ between the transversals of an arbitrary shape which avoids each of the patterns. As mentioned above, the correspondence also extends to sparse {0, 1, −1}-fillings since we may ignore all rows and columns having no 1 in it if we consider the avoidance of patterns of S k . By [1, Proposition 2.3], the shape Wilf equivalence of α k and β k implies that τ k,χ and ρ k,χ are also shape Wilf equivalent. We briefly recapitulate the bijective proof: Given a τ k,χ -avoiding transversal (now a sparse {0, 1, −1}-filling) of λ, colour each cell for which there is no occurrence of χ to the south-west. If a coloured cell contains a 1, colour that whole row and column. Then apply (the extended version of) ϕ to the subshape of λ consisting of all cells left uncoloured. The resulting transversal (sparse {0, 1, −1}-filling) of λ avoids ρ k,χ . The result was given for a permutation matrix χ but works for signed permutation matrices in exactly the same way.
Since the transformation only affects the subshape obtained from λ by removing all rows and columns having no 1, and maps transversals to transversals again, the number of 1's in each row and column does not change, just as the number of −1's does not change either. Evidently, the corners of λ belong to the cells which have been coloured during the transformation. Hence their entries are unchanged.
For an n × n signed permutation matrix π let π + denote the top-right aligned shape (n − 1, n − 2, . . . , 1) filled with the corresponding entries of π being strictly above the main diagonal. When including the entries on the diagonal, then we denote the resulting shape by π (1, 2) is the top corner of π + .) Analogously, we define π − to be the filled shape corresponding to the entries strictly below the main diagonal of π. Clearly, (signed) involutions π are completely determined by π + . On the other hand, a given sparse {0, 1, −1}-filling of (n, n − 1, . . . , 1) is equal to π + 0 for an involution π ∈ SI n if and only if there is exactly one 1 or one −1 in the union of all cells of the i-th row and i-th column where i = 1, . . . , n. Theorem 2.2. For every signed permutation matrix χ and k ≥ 0, there is a fixed point preserving bijection between SI n (τ ′ k,χ ) and SI n (ρ ′ k,χ ) where
It is obvious that π + then avoids the pattern τ k,χ . Because of the symmetry of π, each occurrence of τ k,χ in π + is mapped to an occurrence of the transpose of τ k,χ in π − by flipping π over its main diagonal. Applying the bijection from Proposition 2.1 to π + , we obtain a ρ k,χ -avoiding sparse {0, 1, −1}-filling of (n − 1, n − 2, . . . , 1) which has a 1 (or −1) in a row resp. column whenever π + has an 1 (or −1) in this row resp. column. Hence this filling also corresponds to an involution, more exactly, to σ + for an involution σ ∈ SI n . Clearly, if σ + avoids ρ k,χ then σ avoids ρ ′ k,χ . Each step of this construction can be inverted which proves the bijectivity. Furthermore, if π has a fixed point π i = i then there is no 1 in row i and column i of π + . (Note that the leftmost column of π + has number 2.) This property is preserved by the bijection, so that i is also a fixed point of σ.
By similar reasoning, we obtain an analogous result for patterns of odd size. Proof. Now we consider π + 0 for an involution π ∈ SI n (τ ′ k,χ ) which avoids the matrix τ k,χ . By Proposition 2.1, π + 0 is in bijection with the shape σ + 0 for an involution σ ∈ SI n (ρ ′ k,χ ). Because the bijection preserves the entries in the diagonal cells (i, i), i = 1, . . . , n, the permutations π and σ have the same fixed points.
The special cases χ = ∅ and χ = (1) show both of Jaggard's conjectures to be correct. 
Barring of blocks
In [3] it was shown that the barring of τ in 12 . . . kτ and k(k − 1) . . . 1τ has no effect on the avoidance of these patterns, both by B n and SI n . Furthermore we proved For any shape λ, there is a bijection between τ -avoiding and ρ-avoiding sparse {0, 1, −1}-fillings of λ. Moreover, if λ is self-conjugate and at least one of the matrices χ 1 and χ 2 is symmetric, then the bijection maps symmetric fillings to symmetric fillings.
Proof. Note that λ is now left-justified, as usual. As already mentioned, we may confine ourselves to consider signed transversals of λ because rows and columns with all 0's can be ignored. Given a τ -avoiding transversal of λ, we construct the corresponding ρ-avoiding transversal as follows: Colour each cell of λ for which there is an occurrence of χ 1 to the north-west of the cell. Note that the cells left uncoloured then form a subdiagram of λ. By assumption, the coloured part does not contain χ 2 . Switching the signs of all entries of this part, consequently yields a signed transversal of λ which avoids ρ. Let λ now be self-conjugated with a symmetric τ -avoiding transversal. Obviously if χ 1 is symmetric, then a cell is coloured if and only if its reflection (along the main diagonal) is coloured. Hence the signs of both entries have to been changed, so the resulting transversal is symmetric again. If χ 2 is symmetric but χ 1 is not, then we slightly modify the definition of the bijection. Colour a cell if there is an occurrence of χ 2 to the south-east. The restriction to these cells is a symmetric transversal of a self-conjugated subshape which avoids χ 1 . Now change the signs of all nonzeros in uncoloured cells. The resulting transversal avoids ρ and is still symmetric.
An immediate consequence of the shape Wilf equivalence is the following: Corollary 3.2. For any signed permutation matrices χ 1 , χ 2 , χ 3 , we have
Because of the symmetry property of the bijection we can prove an analogous result for pattern avoiding involutions. Proof. By Theorem 3.1, each signed involution avoiding diag(χ 1 , χ 2 , χ 3 ) is in bijection with a signed involution avoiding diag(χ 1 , χ 2 , −χ 3 ) if χ 1 and χ 2 or χ 3 are symmetric. By symmetry, it corresponds to a signed involution which avoids diag(−χ 1 , χ 2 , −χ 3 ) whenever χ 1 or χ 2 and χ 3 are symmetric. Hence the symmetry of two of the blocks is necessary for the equivalence.
Following the approach of the previous section, we obtain further equivalences from the shape Wilf equivalence of σ and τ . Note that we have to adapt the result for right aligned shapes again. The bijection given in Theorem 3.1 modifies only the signs of some nonzero entries but not their position. Therefore, when applying it to the upper triangle π + of an signed involution matrix π, we obtain the upper area of an involution again. where ε is empty or ε = (1).
Classification
The proof of Jaggard's conjecture provides the complete Wilf classification of five letter patterns with respect to their avoidance by involutions in S n . Therefore, there are 36 different classes (in comparison with 45 symmetry classes). By the results of [3] , the number of classes in B 5 respecting avoidance by signed involutions could be limited to 405. Applying the new equivalences, we obtain 402 classes now which are definitively different. (By the symmetries of an involutive permutation, the patterns are divided into 566 classes.) Table 1 shows representatives of all classes, each with the number of involutions in SI 9 , . . . , SI 12 avoiding the patterns of this class. The enumeration is done for n = 9 in any case; higher levels are only computed up to the final distinction. Classes containing patterns of S 5 are in bold; hence the classification of S 5 according to avoidance by involutions of the symmetric group can be read from the table as well. (Note that σ, τ ∈ S k are avoided by the same number of permutations in I n if and only if they are avoided by the same number of permutations in SI n .) In the case of avoiding patterns of B 5 by all signed permutations, the classification becomes complete by Corollary 3.2. The relations given in [3] did not cover seven pairs of patterns whose Wilf equivalence was indicated by numerical results. All these cases are proved now by the corollary. Consequently, B 5 falls into 130 Wilf classes when considering the avoidance by all signed permutations (in comparison with 284 symmetry classes). See [3, Table 7 ] for the complete list. The bijections of Theorem 2.2 and Theorem 2.3 also provide the complete classification of S 6 and S 7 . Table 2 lists 203 Wilf classes obtained by all equivalences, already known or proven here. As the enumeration of involutions in I 12 avoiding the patterns shows, they are different. In a similar way, we obtain 1291 Wilf classes for S 7 whose table is available from [5] . It is very possible that the results given here and in [3] suffice to solve the analogous problem for signed patterns up to length 7. However, the numerical proof that two classes are really different for a rapidly increasing number of classes is the challenge we (and computers) have to master. Table 1 . Classes of B 5 according to pattern avoiding involutions and the numbers |I n (τ )| for n = 9, . . . , 12 Table 2 . Classes of S 6 according to pattern avoiding involutions and the numbers |I 12 (τ )|
